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Dispersion of tertiary structures for an ensemble of primary sequences
at an externally induced transition of correlation regimes
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We consider the denaturation of globular regimes for an ensemble of random polymer sequences with long-range interactions,
constituting a quenched disorder, The sensitivity of thermally averaged configurational correlations to primary sequences is shown to

reach a maximum at the coil-globule transition.

1. Introduction

Major effort has been devoted to the inference
of accessible tertiary structures for biopolymers
with a given primary sequence subject to environ-
mental constraints [1-4].

We shall consider a weaker problem which is
susceptible to a statistical-mechanical treatment,
namely, what are the configurational statistics of
an ensemble of randomly constructed polymer
sequences when the folding is externally induced
by an attractive field? The external field which
induces a phase transition requires further specifi-
cation [5,6). We shall assume that it is localized
and determined by the adsorption of the coil by
particles (vesicles) or interphases whose dimen-
stons do not interfere with the measurement of the
globular size by light scattering,

Since the domain of interest to us is the good
solvent region we need to include volume-ex-
cluded long-range interactions for a long flexible
chain [7]. This complicates the situation in a non-
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trivial way, since the Markovian beads-on-the-
string model with quenched disorder does not
hold {4]. The bending is non-Markovian.

We shall resort to the standard conformational
space-functional integral formalism proposed by
Edwards [8]. The Hamiltonian for the disordered
chain is made up of five contributions:

H(x(1))=H+HO+HO+HF +H' (1)

H‘=%L~dt’("a—i)ggl)2 | @)

H® = %foth dr'w(1,0°)8(x(1) —x(1'))

= two-body volume-excluded interactions

(3)
C N N (N
Y —x(t
H 3!/0 jo fo 8(x(t) - x(1")
X 8(x(¢) —x(¢”)) de dt’ de”
= three-body interactions 4)
N
H" = [M(E(x(0)/T) at
= attractive external field term (5)
H‘=def(R)8(x(N)—R)
= virtual field contribution (6)
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Here, the ‘¢’ is the contour variable indicating
the position on the chain, x(r) denotes the posi-
tion vector of the chain segment located between ¢
and 7+ 81, v(r,t") is the bare two-body volume-
excluded coupling constant, C the bare Flory

interaction -constant for the three-body contribu-

tion, F(x(?)) the external field exerted at position
t on the chain and f(R) the virtual field control-
ling the endpoint of the chain (the only relevant
case consists of taking the limit f=0).

Obviously the bare Hamiltonian depends on
the primary sequence. For simplicity, we shall
consider the case of two different kinds of mono-
mers only. The strands are assumed to be ran-
domly constructed. Thus, a specific primary se-
quence is determined unambiguously by a specific
realization of the random variable s(z), defined
by:

(s(t)y=0 (7)
and
(s()s(¢')y=8(¢t—1") (8)

Where { ) denotes average over the ensemble
of primary structures and we have assumed that
s(?) can only take the values +1 depending on the
kind of monomer at position .

The Hamiltonian depends on the specific reali-
zation of s(¢). Consequently, we define

o(6,6") = v+ A(s(2) +s(¢')) + Bs(£)s(¢')  (9)

where 4 and B are unrenormalized constants. A
localized field representing the trapping of the coil
by the adsorption well is given by:

F(x(2)) -1
SO — {14 T (E+ As(1))8(x(1)))
(10)

That is, the field is localized at x =0. The con-
stants F,; and A have the dimensions of tempera-
ture. The external field must obviously be attrac-
tive in order to induce a phase transition. As the
temperature is raised beyond a certain critical
value T, the well F,/T no longer holds the chain
and a different correlation range regime (CRR),
the coil, emerges.

First-order corrections to the bare coupling in
the good solvent region, near the theta point (| v |
< N~ %), are given by:

8o(t,1") =u(z,t')/o”fo”dtl dt,o(t,ty)

x 6P ()LL)

where G, , is the Gaussian correlator given in
momentum representation by

G,a,bh—*exp(—%pzlta—t”) (12)

The fixed-end partition function is
zZ(N)= [ dm(x(s)) exp(~H(x(r)) (13)
x(0)=0

where m(x(t)) is a measure in the space of paths.
Thus, the Green function G(N,R) is given by:

3Z(N)
A (R)

where the bar above a quantity indicates average
over all conformations for a given configuration
(thermal average).

The next stage is to introduce an effective
homopolymer so that the coil-giobule transition
belongs to the same universality class as that
corresponding to the quenched disorder. This is
carried out making use of the replica trick for
averaging over the ensemble of primary structures
[9,10].

=G(N.R)=3(x(N)-R)  (14)

/=0

2. Quenched disorder and the replica trick

We shall denote by Z(N)™, where M is a
positive integer, the partition function for M iden-
tical replicas of an arbitrarily chosen strand. This
function can be extended analytically for M real
[9]. The following relation will prove very useful:

(n Z(N)) = lim - (¢Z(M)*y=1)  (13)

The replica symmetry breaking thus appears in
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the computation of (Z(N)). Let a and B be
dummy indices labelling replicas, then we have:

(Z(NY"y= ,Ql Zg(N) (16)

where Z; 5 is the partition function for an effec-
tive Hamiltonian corresponding to a homopoly-
mer, i.e., it contains no disorder. This Hamilto-
nian, however, couples the replicas labelled by the
M values of the dummy index. The effective parti-
tion function can be evaluated by means of a
perturbative expansion as follows:

Zg=ZO+ZR+ZR+ ... (17)

€

where Z© is the partition function for a homoge-
neous polymer strand with Hamiltonian: H® =
H®+ HE + H'. The term H, represents the cou-
pling to a field which contains no disorder, i.e.,

with A = 0. The perturbation terms are given by:

zZ@= - fdxf “f ar [far{o—4* ¥ G

B+a

X (’I,X)Gpo(t” - t,,o)Gﬂo

X(N-t",R— x)}
Goo(1,x)Go(t' = 1,0)G,g
X(N—-t,R—x) (18)
Where G, is the propagator with elastic Hamilto-

nian.
In momentum representation:

3 exp(ipR)
G,(s,R)=(Q2m)” fd Ly (19)

we also have:

ZH=—-(C-34 )f dxj dt”f dr f drG,
X(t,x)Gy(t' — 1,0)G, (1" —1',0)G,
X(N—-t",R—x) (20)

Thus, the effective Hamiltonian reads:

Hy=H'+HE + Hf

efff f dr di’8(x(r) —x(t"))
eff/ f f drds’ de”8(x(2)

—x(1"))8(x() — x(¢”)) (21)
where:
Cye=C — 34° (22)
and
_ . ¥dIn ZM ,
Dege = 0+ 24 Alll_r?o A ——‘“af(R,,) ‘f:(lodt (22"

The function Z¥ for integer M is the partition
function averaged over the ensemble of primary
structures for M replicas of a strand of length ¢
whose endpoints coincide.

In order to determine the CRR for the effective
Hamiltonian, we need to introduce a different
representation. We start by discretizing the do-
main of the contour variable introducing a parti-
tion:
(j=1,2,...,N); x(j) =x, (23)

We also introduce transition operators Vfg defined

by:

WG(j~1,x,_,)=G(j.x,) (24)
Thus, for j=1, 2, 3, 4, we have:
W_/'G(j_l’xj—l)

=exp(—F(xj)/T)

xfdxj—lg(xj X 1)G(J 1) (25)

where F is a field with A =0 and the coupling
between links is assumed to be identical:

el ORE]
(26

g(x;— x,_,) = (4a%)*" exp(

Here 4 is the average distance between adjacent
links. For j =4, the transition operators are dif-
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ferent, since we must consider long-range interac-
tions of the repulsive type which we denote ij):

WG (j—1.x.1)

= exP(_F(xj)/T)fdxj—lg(xj_ xX;_1)

X fﬂ{ﬂ(z)(xj,xj—v)

=4

X G(j— 'r,xj_,) dxj_,}

Jj=1
% ].—I {{2‘3)(xj,x_,-_-nxj—ﬂr’)G(j-T’xf")

7,7 =4
XG(j—1".x;-,)
xdx;_,dx, . }G(j~1,x,_,) (27)
For clarification, eq. 27 can be rewritten as: .
WG(ji—1,x,_,)=WRPQIG(j—1,x,_,)
(28)

where Q@ and @@ are the two- and three-body
interaction transition operators, respectively. Their
kernels are given by:

29(x,,x,_,) = exp{ - %s} (29)
and

C
9(3)(xj’xj—'nxj—-r') = exp{ - 3‘:1“ ijxj_, rJ"J""'}

(30)

We are left with the diffusion equations, egs. 25
and 27. However, the functions G(j,x;) do not
form a Markov chain, since the operator W, (/> 4)
and the ‘vector’ G(j — 1,x;_;) are not statistically
independent.

The glopular state is characterized by the spec-
trum of W, for N large. The signature for that
specific CRR is that the largest real eigenvalue, A,
is not an accumulation point in the spectrum but
represents a discrete level. The temperature T, at
which the phase transition between the two CRRs
occurs is the temperature at which the level A
splits off from the continuum part of the spec-

trum. The situation of discrete largest eigenvalue
is preserved for T < T_. Since the term correspond-
ing to the largest eigenvalue dominates the Green
function, the free energy 4 F(N,R) for the effec-
tive homopolymer in the globular CRR is given
by:

AF(N,R)==T I X¥=~TN In A (31)

Thus, the square end-to-end distance averaged
over all conformations (thermal average) for the
globular CRR is:

fR2 exp(—AF(N,R)/T) dR

RZ= 2 (32)

whereas for the random coil CRR it is given by

_ _9*G(N,p)

e (33)

p=0

where g( N, p)is the Fourier-transform of G(N, R).
The dispersion relation (variance) for R? over the
ensemble of primary structures, V(l_’%—i), 1s a quan-
tity of the utmost importance in the design of
light-scattering experiments in order to establish
the sensitivity of the configuration to the primary

ot

T T
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Fig. 1. Calculation of the variance for R? over the ensemble of
primary sequences. Choice of parameters: a2 =100 A% = mean
square length of a link; N=LX10% u=iN"'% 4
=1IN"12, B=N"1 External field: F.u =270 K, A =10 K,
T,=30K. b, —b=(T,— T)/T. V(R}'/*/(R%) = 8.
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sequence. In a neighborhood of the phase transi-
tion we have:

V(R) = (R~ (BH)
= lim [[dR, dRR}R;
82 In((Z") - 1)
of (R.)3f(Rg) |,_,

A perturbative analysis gives for the random coil
regime:

(34)

() - 4] (9)

A numerical computation for the dispersion is
presented in fig. 1. It holds for an entire neighbor-
hood of the phase transition. Upon direct inspec-
tion, we can see that maximum sensitivity is
achieved at the phase transition point and that the
globular CRR presents a much higher degree of
dependence on the primary structure. This con-
firms the relevance of the concept of the globular

state as introduced by Lifshitz [1,4] for the prob-
lem of biopolymer folding, A simple computation
for L =1 gives, at b, — b= 0.2, a net stability for
the effective globule of about 15 kcal/mol with
respect to the coil at the same reduced tempera-
ture.
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